Unsolved problems on magic squares  by Abe, Gakuho
Discrete Mathematics 127 (1994) 3-13 
North-Holland 
Unsolved 
squares 
Gakuho Abe 
problems on magic 
Ohdaie 69, Inakawa-cho, Ogati-gun, Akita-ken 012-01, Japan 
Received 22 August 1990 
Revised 18 January 1992 
Abstract 
In this paper, we collect 23 unsolved problems or conjectures on magic squares, and some updated 
results related to these problems are mentioned. 
1. Preliminaries 
In this paper we collect 23 unsolved problems or conjectures on magic squares, 
which come from recent research. We shall propose these problems and give updated 
results, in particular some new interesting magic squares are presented. Many known 
results obtained in magic squares can be found in the following journals, which are 
written in Japanese: Fascinating Puzzles Monthly (FPM), Meeting of Puzzles (MP), 
Researches in Magic Squares (RMS) and Month/y Abacus (MA). Basic ideas of 
magic squares can be found in [3, Ch. 7; 2; 4, Ch. 33. The readers who are interested 
in the history of magic squares and the current development in Japan can refer 
to [l]. 
A general magic square A= (uij), 0~ i, j< n - 1, is a square array of n2 distinct 
nonnegative integers with the property that the sum of the n numbers in every row, in 
every column and in each diagonal is the same. The number n of rows (and of 
columns) of the square is called its order. A general magic square is called a magic 
square if the natural numbers from 1 to n2 are used. A square array consisting of n2 
distinct nonnegative integers (or natural numbers from 1 to n’) is called a general 
semi-magic square (or a semi-magic square) if the sums of the numbers in each row and 
each column are the same. A magic square (Uij) is said to be symmetric if 
Uij+U,_1_i._1_j=n2+1, for all O,<i,j<n-1. 
Furthermore, in a magic square (aij), if 
UOi+Uli+l+..‘+Un-li+n_l and uoi+uli-l+...+un-li-n,, 
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are the same for every i, then we say that the magic square (Uij) is pandiagonal 
(or perfect). Note that the subscripts are always expressed modulo n. If a square 
subarrayB=(a,,),p~k~p+m,q~1~q+m(O~p,qandp+m,q+m~n-l),ofagen- 
era1 magic square A = (aij) is itself a general magic square, then we say that A contains 
a general magic square B. In particular, if a magic square A = (aij) contains a general 
square 
B=(akl), 1 <k,l<n-2, 
then the magic square A is bordered (Fig. 1). For a magic square A = (aij) of order n, we 
define its connectionjgure CF(A), which is defined on a square array (cij) containing 
nz cells, as follows: 
cij and ckl are joined by a line 
if and only if 
(see Fig. 1). Let 0 be a rotation through a right angle or a reflection in a central 
horizontal line, in a central vertical line or in one of the two diagonal lines of CF(A). 
Then CJ is an automorphism of CF(A) if o(CF(A))= CF(A). If the rotation through 
a right angle is an automorphism of CF(A), then CF(A) is of rotation type. If the four 
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reflections are automorphisms of CF(A), then CF(A) is of rejkction type. Of course, it 
may occur that CF(A) is of both rotation and reflection type. 
We now explain a regular magic square, which is defined only for a magic square of 
odd order. Let n B 3 be a natural odd number and al, u2, bl, b2 be integers prime to n. 
Put 
i:=albZ-a2bl. 
Suppose that 2 is also prime to n. For every integer z, 1 <z<n’, we first express z as 
follows: 
z-1 =nr+s, O<r,s<n- 1. 
We define a square array X = (xij), 0 < i,j < n - 1, by letting 
Xij = Z, 
i=alr+b,s+c,(modn) 
and 
j-a2r+b2s+c2(modn). 
Then X is a magic square of order n if and only if the following four conditions hold: 
blc2-bb2c1=A q(mod el), 
blc2-b2c1+bl=l ‘q(modfi). 
qc,-ua,C~+a~=a ‘G(mod&), 
where 
e1 := (b2 -b,, n) (i.e. the greatest common divisor), 
e2:=(u2-a,,n), fi:=(b2+bl,n), fi:=(u2+al,n). 
We say that a magic square X is regular if it can be obtained in this way. Otherwise, it 
is irregular. 
A square array of order n is called a Latin square if each row and each column 
contain all the numbers 0, 1, . . , n - 1 in some order. For a magic square A = (aij) of 
order n, we define two square arrays R(A) =(rij) and S(A)=(sij) of order n by 
Uij-llrijn+Sij, where O<rij,sij<n-l. 
Clearly, A = n R(A) + S(A) + .I, where J is an n x n array, each of whose entries is 1. If 
both R(A) and S(A) are Latin squares, then A is said to be elementary. Otherwise, A is 
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41 42 22 2 45 4 19 
46 5 20 35 36 23 10 
30 24 11 47 6 28 29 
7 15 37 38 18 12 48 
26 13 49 1 16 31 39 
A nonelementary 
magic square X 
1603542 
5530602 
6024531 
4316034 
0255216 
3160245 
2443161 
The array R(X) The array S(X) 
Fig. 2 
5601234 
3456012 
1234560 
6012345 
4560123 
said to be nonelementary (see Fig. 2). It is easy to see that a regular magic square is 
elementary, in particular a nonelementary magic square is irregular. If both R(A) and 
S(A) possesses the property that the sums of n numbers in each row and in each 
column are the same, then A is said to be rational. If neither R(A) nor S(A) possesses 
such a property, then we say that A is irrational (see Fig. 9). Note that there exists no 
magic square B for which exactly one of R(B) and S(B) possesses such a property. It is 
obvious that an elementary magic square is rational. The magic square X of Fig. 2 is 
nonelementary since S(X) is a Latin square but R(X) is not. 
2. Problems and conjectures 
There exist exactly 880 magic squares of order four. For a set I of 16 positive 
integers, we denote byf(Z) the number of all the general magic squares of order four 
consisting of integers in I. 
Problem 2.1. Determine the maximum value off(Z). Note that if I = (1,. . . ,8,10,. . . ,17} 
then f(Z) = 1080 (by G. Abe). 
There exist exactly 12 connection figures of the magic squares of order four. For 
a general magic square X =(xij) of order four with constant sum m, we define the 
connection figure CF(X)=(cij) by 
cij and ckl are joined by a line 
if and only if 
m 
xij+xk[=-. 
2 
Tomiya Yokose found 12 other connection figures of general magic squares of order 
four and G. Abe found 10 more. Hence, we have 34 connection figures of general 
magic squares of order four. These connection figures and corresponding general 
magic squares can be found in the article of FPM No. 153 (1986). 
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Problem 2.2. Find all the connection figures of general magic squares of order four. 
In 1941, J.C. Burnett showed that there are exactly 174240 bordered magic squares 
of order five and that they are of reflection type. In the same year, L. Candy and 
H. Safford proved that the number of symmetric magic squares of order five is 48 544. 
Later, Shutaro Teramura announced that there are 591008 magic squares of order 
five whose connection figures are of reflection type and that there are 21 connection 
figures. However, there were minor errors, and using a computer Hiro Yabe found 
that the number of magic squares of order five whose connection figures are of 
reflection type is 591088 under the assumption that there exist exactly 21 connection 
figures of such magic squares. 
Problem 2.3. Determine the number of magic squares of order five whose connection 
figures are of reflection type. 
Problem 2.4. Determine the number of magic squares of order five whose connection 
figures are of rotation type. 
It is known that the number of bordered magic squares of order six is 
736 347 893 760 under the assumption that there are exactly 34 connection figures of 
general magic squares of order four (MP No. 156 (1987)). 
Problem 2.5. Is it true that the number of all bordered magic squares of order five is 
736 347 893 760? 
It is known that there are at least 6 x lo8 irregular pandiagonal magic squares of 
order seven. H. Candy found two of their connection figures (1940-1941), H. Benson 
found one more (1982), G. Abe found 62 (1981-1985) and Yosiro Matunaga found five 
more in 1985. These connection figures and their classification can be found in the 
article of RMS No. 14 (1983). 
Problem 2.6. Determine the number of irregular (or nonelementary) pandiagonal 
magic squares of order seven. 
Problem 2.7. Determine the number of irregular (or nonelementary) symmetric pan- 
diagonal magic squares of order seven. 
If a magic square can be partitioned into general magic squares of the same order, 
then we say that the magic square can be partitioned. Let A = (U,j), 0 ,< i, j d n - 1, be 
a magic square of even order n. If every square subarray 
(ukl), 2s<k<2s+3, 2tdl62t+3 
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(OQS, t <n/2 - 2), of order four is a general semi-magic square, then we say that 
A possesses a covering of general semi-magic square of order four. If every such square 
subarray of order four is a general magic square, then we say that A possesses 
a covering of general magic squares of order four. If the sum 
aij+ai+lj +aij+l+ai+lj+i 
is the same for every OQ i,j < n-2, then the magic square A=(aij) is said to be 
2 x 2-un$orm. A square array A = (aij), 0 ,< i, j ,< n - 1, of order n is said to have Franklin 
property if the following four sums of eight numbers are the same for every i,j: 
Uij+Ui_ lJ+l+ai-2j+2+ai-3j+3+Ui-3j+4+Ui-2j+~+Ui-lj+6+Uij+~, 
where we consider the sum of numbers in each row only when all the subscripts lm of 
its numbers al, satisfy O< 1, m < n - 1. For example, the magic square X of Fig. 3 
(Ydshizane Tanaka 1683) is partitioned into four general magic squares of order four 
and is 2 x 2-uniform. Moreover, it has a covering of general semi-magic squares of 
order four and also has Franklin property. 
Problem 2.8. Determine the number of 2 x a-uniform symmetric pandiagonal magic 
squares of order eight. 
Problem 2.9. Determine the number of magic squares of order eight which have 
coverings of general magic squares of order four. 
Problem 2.10. Does there exist an irrational pandiagonal magic square of order nine? 
Note that there exists a nonelementary pandiagonal magic square of order nine, which 
is shown in Fig. 4. 
33 24147 26135 22145 281 
16 57 2 55 14 59 4 53 
--t---t-t 18 39 32 41 20 37 30 43 
Fig. 3 
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Problem 2.11. Does there exist a 2 x 2-uniform semi-magic square of order 10 which 
has Franklin property? 
A magic square A =(aij), 06 i,j< 12, of order 13 shown in Fig. 5 contains the 
following general magic squares of order 3,4, . . , 11. General magic squares of order 
3,4,5,6 are represented in Fig. 5. 
(al,) 76169, 3dmd5, (al,) 061<3, 46m67, 
(a,,) 2<l<6, 6dm<lO, (al,) 761<12, O,<m<5, 
(al,) 0~1~6, 66m612, (al,) 26169, 3Gmd 10, 
(a[,) 461612, Odmd8, (al,) 06169, 3&m< 12, 
(al,) 2616 12, Odm610. 
Conjecture 2.12. For every odd integer ~35, there exists a magic square of order 
n which contains a general magic square of order k for every 3 d k d n - 2. Note that 
41 30 52 61 31 1 21 81 51 
11 9 24 77 66 44 16 67 55 
71 40 29 47 63 14 5 20 80 
59 10 8 25 76 65 39 18 69 
75 54 42 33 46 62 34 4 19 
70 58 28 3 27 78 50 38 17 
23 74 53 43 13 64 57 36 6 
12 72 60 32 2 26 79 49 37 
7 22 73 48 45 15 68 56 35 
Fig. 4 
52 100 103 5 142 108 
98 104 53 144 107 4 
105 51 99 106 6 143 
96 7 152 57 167 31 
151 95 9 169 30 56 
8 153 94 29 58 168 
110 111 34 79 
60 59 136 91 
81 24 150 83 
89 146 20 87 
74 19 162 157 13 155 15 
163 75 17 82 88 77 93 
18 161 76 16 154 23 147 
113 1 141 73 97 156 14 
3 140 112 48 122 50 120 
139 114 2 134 36 49 121 
118 72 65 133 371 123 47 
70 66 119 61 109 32 138 
67 117 71 116 54 22 148 
39 1251 46 80 135 101 69 
130 421 55 25 149 102 92 
I 
Fig. 5 
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this conjecture is true for n = 5,7,9,13,15,17 (G. Abe (n = 7,13,15,17) and Toshio 
Kobayashi (n = 9) (1988-l 990)). 
Conjecture 2.13. For every even integer n>,6, there exists a magic square of order 
n which contains a general magic square of order k for every 3 <k < n -2. This 
conjecture is true for n = 6,8,10 (G. Abe (n = 6) and Kobayashi (n = 8,10) (1988-1990)). 
Suppose that a magic square A of order n contains general magic squares 
B1=A,BZ,..., BI of distinct orders. Let ni denote the order of Bi and si denote the 
constant sum of Bi. We define the unit-sum of Bi by si/ni. For example, a magic square 
A given in Fig. 6 (Toshio Kobayashi) contains three general magic squares (B, = A, 
B2 of order four and B3 of order three) and their unit-sums are 111+6= 18.5, 
71+ 4 = 17.75 and 5 1 + 3 = 17, respectively. It seems to be difficult to find a magic 
square containing many general magic squares with distinct unit-sums. 
Problem 2.14. Determine the maximum number of general magic squares contained 
in a magic square of order 17 whose orders and unit-sums are all distinct. Note that 
the magic square of order 17 shown in Fig. 7 contains 10 general magic squares of 
order ke {3,4,5,6,7,9,11,13,15,17} whose unit-sums are all distinct. 
Problem 2.15. Find a pandiagonal magic square in which the set of cells whose last 
significant digits are equal to i is connected for every i, 0 f i G 9 (see Fig. 8). 
Problem 2.16. Does there exist a pandiagonal magic square of odd order whose 
connection figure is of rotation type? 
Problem 2.17. Does there exist a pandiagonal magic square of even order whose 
connection figure is of rotation type? 
Problem 2.18. Does there exist a method of constructing a symmetric nonelementary 
pandiagonal magic square of every order? 
Fig. 6 
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264 25 
29 260 
28 261 
257 32 
231 58 
62 227 
61 228 
224 65 
38 251 
274 15 
253 36 
13 276 
194 95 
201 88 
207 a2 
39 199 
90 267 
256 33 266 23 
27 262 31 258 
30 259 26 263 
265 24 255 34 
223 66 233 56 
60 229 64 225 
63 226 59 230 
254 35 219 70 
14 275 244 45 
232 57 222 67 
273 16 205 a4 
37 252 17 243 
241 48 46 289 
72 16C 154 124 
129 234 135 165 
49 218 la4 122 
240 71 105 167 
20 270 
22 268 
215 75 
236 54 
271 19 
216 74 
52 238 
249 41 
53 237 
148 141 146 
143 145 147 
144 149 142 
189 a7 91 
113 178 126 180 a9 174 164 108 176 
la5 106 111 162 202 117 127 la3 115 
109 104 181 151 168 121 136 172 166 
la7 179 110 140 123 170 155 119 125 
51 77 76 272 217 246 55 43 42 250 269 
213 245 214 la 73 44,235 247 248 40 216 
239 186 69 78 137 158 12 285 280 1 182 
50 103 220 211 152 131 277 4 9 288 107 
47 175 192 190 86 177 2 281 284 ii 221 
242 114 97 99 203 112 287 a 5 278 68 
169 150 101 156 118 173 10 283 282 3 209 
120 139 188 133 171 116 279 6 7 286 80 
Fig. 
I I I 
52 102 152 33 a3 58 108 158 
-79 142] 23 73 123 4 
119 13 63 113 163 44 94 69 
a4 134 I 9 59 109 
30 a0 143 24 74 124 I 49 99 149 
70 120 1 64 114 164 a9 139 
110 160 41 104 154 35 a5 
al 131 25 75 125 6 56 106 
21 71 121 115 46 96 146 I 
J-z- 
60 
100 
140 
a6 136) 671130 11 
1261 7 57 107 157 51 
47 97 1471 91 
12 62 112 162 4 a7 1371 ia 68 ii8 
Fig. 8 
Problem 2.19. Does there exist an irrational pandiagonal magic square of odd order 
n< 1 l? Note that there exists an irrational pandiagonal magic square of order 13, 
which is given in Fig. 9. 
Problem 2.20. There exists no pandiagonal magic square of singly even order. Deter- 
mine the maximum number of broken diagonals having the constant sum of a magic 
square of singly even order. 
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Problem 2.21. Is it possible to construct a general magic square of any order by 
making use of consecutive prime numbers? 
A magic square A = (Uij) is doubly magic if the square array (a&) is a general magic 
square. 
Problem 2.22. Does there exist a doubly magic square (aij) such that both (aij) and 
(a 2) are pandiagonal? 
An anti-magic square (aij) of order n is a square array of order IZ which possesses the 
property that the set of all the sums of n numbers in every row, in every column and in 
each diagonal consists of consecutive numbers. For example, the array shown in 
Fig. 10 is an anti-magic square of order 12 since the set of sums of 12 numbers in every 
1 62 26 46 89 103 8 106 30 136 70 126 144 159 
128 32 135 54 118 146 166 59 52 24 90 99 2 
108 155 164 74 43 19 83 100 1 107 36 137 78 
14 101 81 7 117 37 142 73 119 147 162 57 48 
28 134 71 122 152 157 55 49 20 91 102 12 112 
156 167 64 47 15 82 97 5 113 27 133 75 124 
96 9 105 29 140 72 130 154 168 60 41 17 84 
42 23 85 104 11 116 34 132 69 123 148 165 53 
77 125 145 160 58 44 22 79 94 10 111 39 141 
6 109 35 131 68 127 150 169 63 51 21 80 95 
163 65 50 25 86 93 4 110 31 139 66 120 153 
138 67 121 149 161 61 40 16 88 98 13 115 38 
87 92 3 114 33 143 76 129 151 158 56 45 la 
Fig. 9 
t 
3 20 16 12 1 141 139 137 131 127 123 9 
124 25 38 34 23 105 117 115 109 119 31 21 
128 106 43 52 41 101 99 97 91 49 39 17 
132 110 92 57 55 87 85 83 63 53 35 13 
2 24 42 56 89 103 121 143 
10 32 50 64 81 95 113 135 
140 118 100 86 59 45 27 5 
138 116 98 84 61 47 29 7 
19 33 51 82 90 58 60 62 88 94 112 126 
15 37 96 93 104 44 46 48 54 102 108 130 
11 114 107 111 122 40 28 30 36 18 120 142 
136 125 129 133 144 4 6 8 14 26 22 134 
Fig. 10 
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row and in every column, and in each diagonal consists of {857,859, . ,882}, where 
the sums of the two diagonals are 857 and 870. 
Problem 2.23. Find a method of constructing an anti-magic square of every order. 
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